The natural flows through porous media often exhibit transient behavior. Some of the examples include water movement in aquifers, oil flow in reservoirs and blood passing through arteries walls. For accurate modeling of such flows, the Darcy model is used with an additional time-dependent pressure term. In this paper, validation of the three-dimensional numerical solution of transient Darcy flow using the stabilized mixed finite element method is presented. The proposed numerical solution employs the implicit backward difference method for the discretization of time, whereas, for space discretization, the Galerkin technique is used. The model is validated against analytical models including the Theis equation for pressure drawdown near a pumping well. The proposed solution is tested for different values of the viscosity of the fluid, and the permeability and specific storage of the medium. The error analysis shows that the stabilized mixed Galerkin methods give stable solutions with no oscillations and spurious results. It is also found that the viscosity of the fluid and the permeability of the medium have prominent effects on the transient behavior of Darcy flow.
Introduction
The Darcy flow model has been used in simulating underground water flow and solute transport and flow of petroleum in reservoirs. [1] [2] [3] [4] The model is composed of a set of elliptic Partial Differential Equations (PDEs) describing steady-state fluid flow through porous media. The twodimensional numerical solution of the Darcy flow for unknown pressure and velocity has been obtained successfully using the stabilized mixed Galerkin method. [5] [6] [7] [8] A numerical approach for the solution of nonlinear Darcy flow has also been presented in Yang et al. 9 Many real life examples, such as the petroleum flow in reservoirs, the flow in fractured formation of shale reservoirs, the groundwater flow in aquifers and the plasma filtration through blood artery walls, exhibit transient behavior. [10] [11] [12] [13] [14] [15] This transient behavior can be incorporated into the Darcy model by adding a time derivative of the pressure. 16 In the literature, a number of numerical techniques for the solution of the resulting parabolic PDE have been proposed in recent years.
Recently, a stable scheme for a transient flow of a nonNewtonian fluid saturating a porous medium has been examined using the Darcy-Brinkman-Forchheimer model. 17 In another study, an integral method for analyzing the transient fluid flow through a porous medium with pressure-dependent permeability is investigated. 18 The simultaneous approximation of the velocity and thermal boundary layers are obtained using the explicit finite difference scheme at each time step until reaching the steadystate solution. One-dimensional approximate analytical solutions have been obtained for linear and radial flow by an integral-solution technique. An analytic solution of the transient flow in porous media is determined using Laplace transform followed by the Analytic Element Method (AEM). 19 The Laplace transform is first applied to the original problem resulting in the time-independent Helmholtz equation, which is solved by the AEM and the solution is inverted numerically back into the time domain. An inverse method based on Local Approximate Solutions (LASs) is proposed to solve transient flows in heterogeneous aquifers. Flows and transfers in natural Discrete Fracture Networks (DFNs) have also gained attention recently. The modeling of three-dimensional transient pressure diffusion in a fracture network is also studied using the quasi steady-state method. 15 The stabilized inverse solution includes parameters such as hydraulic conductivities, specific storage coefficients and the unknown initial and boundary conditions of the fluid flow. 20 Jia et al. 21 proposed a characteristic stabilized finite element method for the transient Navier-Stokes equation employing lowest equal-order conforming finite element subspace. Silva et al. 22 proposed a stabilized solution of the three-dimensional simulation of compressible viscoelastic flows with moving free surfaces. The flow equations were derived from Navier-Stokes incompressible equations and solved using the space-time discontinuous Galerkin finite element method.
For decades, classical mixed finite element methods (MFEMs) have been used in the simulation of flow through porous media. 23 More recently, stabilized MFEMs have offered an alternative approach to solve such problems. 5, 24, 25 These methods allow low-order finite element spaces without satisfying any compatibility condition, and can easily solve Boundary Value Problems (BVPs) in three dimensions. 5 Even though the transient study is gaining importance for flow in porous media, very limited research papers are available on this topic. Researchers have investigated many different techniques as mentioned above; however, the stabilized MFEM has not been studied to the best of the authors' knowledge. In the current study, a novel stabilized MFEM is explored to solve the transient Darcy flow problem in three dimensions. The discretization of the mixed formulation is carried out using the Galerkin method and the implicit backward difference method in space and time, respectively. The proposed transient model is asymptotically stable due to the symmetric positive definite stiffness matrix resulting from stabilized Galerkin method, and the negative gradient of the unknown vector with respect to time. 26 The large and sparse system of linear algebraic equations that stem from the proposed method is well posed, and is subsequently solved iteratively by the Conjugate Gradient (CG) method. The proposed approximate solution is validated by comparing it with an analytical solution. 27 A preliminary study of the proposed transient solution is presented by Ansari et al. 28, 29 The rest of the paper is outlined as follows: Section 2 describes a novel formulation of the stabilized mixed 
Equation (1) is the fundamental Darcy's law (also known as momentum equation) and (2) is the mass balance equation with a source/sink u. The only difference in the steady-state and transient Darcy flow is the time derivative of the pressure. 16 The parameter S is the specific storage of the medium. Equation (3) (1)- (3) is supplemented with the following initial and boundary conditions:
Weak formulation
Let the solution spaces be Hilbert space of Lebesgue square integrable functions that also contains the divergence of the square integrable functions. Mathematically, these solution spaces are defined as follows:
and
To solve for v 2 V and p 2 P the given set of equations (1)- (2) can be transformed into weak form using the wellknown Weighted Residual Method (WRM) as follows:
where :, : ð Þ represents L 2 O ð Þ inner product, and w 2 V and q 2 P are the weight functions.
Equation (6) is a typical saddle-point problem and its solution needs to be stabilized. For P = H 1 O ð Þ, a Sobolev space, Masud and Hughes 5 proposed the following stabilized weak form:
The parameter a is an arbitrary constant and h is the length of the smallest edge in an element.
Discrete formulation
Let V h & V and P h & P be the finite-dimensional subspaces. These subspaces can be defined mathematically as follows:
The spatial discretization of the weak stabilized formulation in (7) can be given as follows:
The discrete approximation of the solution in finitedimensional subspaces is realized using the Galerkin method as follows:
where N is the total number of nodes in an element, and a and b are the unknown coefficient vectors of the basis (interpolation) functions N i of the finite subspaces. Substituting approximations of the weight and trial functions for the velocity and the pressure from (11) and (12) into (10) results in a system of differential-algebraic equations of the following form
where C is a damping matrix, _ u is the time derivative of unknown coefficient vector, K is the stiffness matrix and f is the source vector.
The temporal discretization of (13) is carried out using the implicit backward difference formula. In this method, _ u is computed iteratively by using a first-order backward difference formula. According to this formula, the value _ u at time n + 1 is evaluated as follows:
where Dt is the uniform discrete time step for numerical time integration. Substituting (14) into (13) gives an implicit iterative solution as follows:
Restructuring (13) for unknown vector u at time n + 1, we get the following:
The solution of the above equation includes a short-lived transition period from one steady state to another steady state for the Darcy flow in response to certain structural and/or environmental changes. The system of linear algebraic equations in (15) is solved iteratively by the CG method.
Numerical results
This section presents the simulation study of a laminar flow through porous media. For this purpose, a number of mesh structures of varying size and type, as summarized in Table 1 , are used. A four-node linear tetrahedral mesh and an eight-node linear hexahedral element mesh structure used in the experiments are shown in Figure 2 . It is assumed that the medium is isotropic and homogeneous and the contribution of gravity to the flow is zero. The numerical approximations are evaluated for four degrees of freedom, that is, Darcy pressure and three components of the Darcy velocity using homogeneous boundary conditions. The numerical integration involved with stiffness and damping matrices is computed by applying the eight-and four-point Gauss quadrature rules for hexahedral and tetrahedral meshes, respectively. [30] [31] [32] The numerical solution of system of linear equations is obtained using the iterative CG method. The method converges to the exact solution in O k ð Þ steps, where k is the number of iterations. 
Convergence study
In the convergence study, the approximate solutions are computed for different mesh structures of varying size and type (see Table 1 ). The purpose of this study is to analyze the numerical error as the function of element size. In these experiments, the ratio of the permeability k cm 2 À Á of the medium and the fluid viscosity m (gm/cm-s) is specified as K = k=m = 1:0. The mesh-dependent factor h is set to the length of the smallest edge in an element. 5 The exact pressure and velocity for an arbitrary source/sink function are defined as follows:
The approximate solutions of the pressure and velocity for a mesh of 2744 hexahedral elements are shown in Figure  3 . The results show that the approximate solution introduces computational errors. Such errors are typical in numerical methods, and generally occur due to the discretization of the domain, numerical computations and approximations of PDEs by low-order polynomials. The errors can be minimized by increasing either the number of elements or the order of shape functions. The proposed solution of the transient Darcy flow using the stabilized mixed Galerkin method converges with no instability or spurious oscillations for the pressure and the three velocity components of the fluid, as shown in the Figure 3 . The linear algebraic equations resulting from Galerkin discretization are also well-posed and are numerically solved by the CG method in an iterative fashion. The exact solutions of the Darcy flow are computed using (1) and (2). The error convergence of the numeric solutions is determined using the L 2 error norm for the pressure and the velocity, and the H 1 error norm for the pressure. The following are the formulas for the computations of L 2 and H 1 error norms for N elements:
Figures 4 and 5 show the error convergence of the stabilized mixed Galerkin solution for tetrahedral and hexahedral elements, respectively. As expected, the approximation error tends to decrease as the number of elements increases. The numerical errors can also be minimized by using nonlinear Lagrange shape functions (not presented in this work). An important point considered is the influence of the mesh-dependent stability term in the approximate solution. Generally, the stability of the numerical solutions deteriorates when the neighboring nodes get too close in the moving mesh. Since, in the present simulations, the mesh is fixed, the mesh-dependent stability term does not have any significant impact on the results.
Validation of transient approximations
The empirical formula derived from the Mongan's experiment for transient velocity is given as follows 27 : where a is the radius of a cylindrical tube, G 1 is the pressure gradient step and T c1 is the time constant of the transition period. Mathematically, T c1 is defined as follows:
where r is the density and m is the dynamic viscosity of the water. The parameter a 1 in the denominator is the first root of the Bessel function. The transient study is carried out on the water flowing through a porous media. The ratio of permeability of the medium to the viscosity of the fluid is taken as 1.0. The specific storage S for the given porous region is defined as 0.6. For the computation of analytical velocity, the radius of a capillary tube a is set to be 0.01 cm. 27 Nearly 4000 such capillary tubes are employed in an area of 1 cm 2 . The density r of fluid is taken as 0.998 gm/cm 3 for the computation of the time constant. The initial velocity at t = 0 is assumed to be zero, that is, the flow starts from rest. The validation of the approximate solution of transient behavior with the analytical solution is demonstrated in Figure 6 for hexahedral and tetrahedral meshes, respectively.
The size of the hexahedral mesh is 2744 elements and that of tetrahedral mesh is 2759 elements. For the given density and viscosity of the fluid and the radius of the capillary tubes the time constant is evaluated using (1.2) as 1.7 ms. In the approximation, the size of each time step is set to 1.5 ms.
The Darcy velocity exhibits dynamic behavior when the flow is started from rest and attains an asymptotic steady state. The velocity of the fluid converges to an asymptotic value of 3.14 cm/s after a short duration of time involving 10 time steps. The time interval between each step is set to 1.5 ms. As can be seen from the validation for respective hexahedral and tetrahedral meshes, the results are almost identical. Ideally, the results should be independent of the mesh type. If there is any disparity among the results for different mesh types then that could arise from the differences in discrete element size. The dependency of the transient response on the mesh size is captured in the simulations using various mesh sizes (see Table 1 ), as shown in Figure 7 . These results confirm that the accuracy in the simulation results improves with the mesh size but at the expense of higher computational complexity both in time and space. pumping well using an analytic Theis equation. 34 The Theis equation for pressure drawdown s can be written mathematically as follows:
In (26), Q is the pumping rate in cm 3 =sec, T is the transmissivity in cm 2 =sec and w u ð Þ is called the well function, which is defined as follows:
where r is the radial distance from the pumping well measured in cm, S is the dimensionless storativity and t is the time in s. In this small-scale simulation for the given domain, Q is assumed to be 610 cm 3 =sec, T is taken as 1 cm 2 =sec, r is given a value of 1cm and the value of S is chosen to be 0:64. The pressure drawdown is then plotted for a time period ranging from 1 to 10 s. Figure 8 compares the approximation of the pressure drawdown with that calculated using the Theis formula. The resultant graph shows that the approximate solution is in close agreement with the Theis analytical solution. For different hexahedral meshes, the pressure drawdown is plotted in Figure 9 . From Figure 9 it is observed that the pressure drawdown is not significantly influenced by the number of mesh elements used in the simulations. Figure 10 shows the results for K = 1:0=0:05, 1:0=0:2, 1:0=0:5, 1:0=1:0 f g using a hexahedral mesh of 2744 elements. It can be inferred from (1) that the steady-state velocity of the fluid in a medium is inversely proportional to the viscosity of the fluid at a constant pressure gradient. Increasing the viscosity of the fluid decreases the velocity, which in turn decreases transition period of the transient flow while keeping the permeability of the medium fixed. This phenomenon can also be observed in Figure 10 . For the given permeability of the medium and density of the fluid, the transition period for the fluid to reach 63.2% times the asymptotic value of the velocity as a function of its viscosity is given in Table 2 . Increasing permeability increases the velocity of a fluid (constant viscosity) for a given pressure gradient. In transient flow, the higher the velocity of a fluid, the higher the time it takes to reach a steady state. For the fixed value of viscosity and density of the fluid, the transition time required to reach 63.2% of the peak value for different mediums is illustrated in Table 3 . As expected, this behavior is an inverse of the case seen in the previous section for variable fluid viscosity. Figure 11 shows simulations of this transient behavior for different mediums using a hexahedral mesh. (2)). In the linear algebraic equation (13) , the transition term is a product of S and the damping matrix. This transition term eventually vanishes as the time increases until the fluid attains steady-state flow. Thus, the larger the specific storage term S, the slightly longer the transition period, as illustrated in Figure 12 . Table 4 describes the dependency of the transient response in terms of the number of time constants required by the solution to attain 63.2% of the asymptotic value as a function of specific storage. In this table, the permeability of the medium and density and viscosity of the fluid remain constant.
Conclusion
The validation of stabilized mixed Galerkin method for the three-dimensional transient Darcy flow is presented. In this work, a number of different meshes are employed to analyze the convergence rate and the accuracy of the transient It can also be noticed in Figure 9 that the pressure drawdown does not significantly depend on the number of mesh elements used in the simulations. 
